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Abstract 

We demonstrate the power of combining the tech- 
niques of algebraic computation with ones of numeri- 
cal computation. We do this by  improving the known 
methods for polynomial evaluation on a set of real 
points and for  simulation of n charged particles on the 
plane (the latter problem is equivalent to Trummer’s 
problem). In  both cases we approximate (rather than 
exactly compute) the solutions and do this b y  exploit- 
ing algebraic techniques of the algorithm design. 

The previous best algorithm for approximate eval- 
uation of a polynomial on a real set was due to 
Rokhlin and required the order of mu + nu3 infinite 
precision arithmetic operations to approximate [on a 
fixed bounded set X(m) of m + 1 real points] a de-  
gree n polynomial p ( z )  = Cy=opiti within the er- 
ror bound 2-‘ Cy=o ! p i ( .  W e  develop an approxima- 
tion algorithm, which decreases Rokhlin’s record es- 
timate to O(mIog2u + n min {u,logn}).  his re- 
sult may also be favorably compared with the record 
bound O( (m + n)  log’ n)  on the complexity of the ex- 
act multipoint polynomial evaluation. Furthermore, i f  
some values independent of the input coeficients and 
of the set X(m) and depending only on n and U can 
be precomputed cost-free, then we decrease the compu- 
tational cost estimate to O(m log2 U + U log U). All our 
algorithms allow NC and processor efficient parallel 
implementation. Because of the fundamental nature 
of the multipoint polynomial evaluation, our results 
have further applications to numerical and algebraic 
computational problems. 

For Trummer’s problem, our algorithm approxi- 
mates the output values to p bits each, b y  using 
O(n log2 p )  time, thus improving the previous record 
time bound of O(np1ogp). 

J. H. Reif and S. R. Tate 

Computer Science Dept. 
Duke University 

Durham, NC 27706 

1 Introduction 

The techniques for algebraic computing and for nu- 
merical computing have been historically developing 
quite independently of each other, although the power 
of combining their advantages has been increasingly 
appreciated in recent years and has been advocated, 
for instance, in [31] and [3]. The present paper gives 
some new evidence of the advantages of such a com- 
bination: we improve the known results on the multi- 
point polynomial evaluation (on a real set) and on the 
solution of ”rummer’s problem, which is equivalent to 
the two-dimensional n-body problem of the multipole 
simulation of n charged particles in the electrostatic 
or gravitational potential fields on the plane (such 
a simulation is extensively used in molecular chem- 
istry, chemistry, biochemistry, astronomy and, to a 
little lesser extent, in physics). In both cases we com- 
pute approximations, rather than the exact solutions 
(which is a typical feature of numerical computing), 
but we obtain such approximations by applying (some 
new and some old) purely algebraic techniques. 

There is no apparent correlation between our two 
topics, and our section 9, devoted to  an algorithm 
of [35] for Trummer’s problem, can be read indepen- 
dently of sections 2-8, devoted to  the algorithms of 1321 
for polynomial approximation. The technical overlaps 
of the solutions of both these computational problems 
are thus quite symptomatic. 

Let us now turn to the details ofour first subject, of 
approximate multipoint polynomial evaluation, post- 
poning our further comments on Trummer’s problem 
to the end of this section. The literature on efficient 
evaluation of a polynomial dates back to a linear time 
algorithm, using n additions and TZ multiplica,tions, for 
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the exact evaluation of a polynomial at  a single point, 
usually called Horner’s rule, due to the work of 1819 
by Horner [17], but actually discussed by Isaac New- 
ton [24], already in 1669. For the evaluation at  a single 
point, this algorithm has been proved to be optimum 

We are concerned with the fundamental problem 
of evaluation of a polynomial of degree n ,  simultane- 
ously at  m points, in less than nm time (measured 
by the number of arithmetic operations involved). In 
1971 Borodin and Munro [6] published an O(n’,’l) 
time algorithm for multipoint polynomial evaluation, 
for m = n, thus giving the first algorithm with the 
complexity below nm. The asymptotically fastest al- 
gorithm known for the multipoint exact polynomial 
evaluation problem is due to Moenck and Borodin 
[22], who reduced the problem to repeated polyno- 
mial divisions. Including here the Sieveking-Kung 
fast algorithm for polynomial division made this an 
O( (m+ n) log’ n)  algorithm. Strassen 1391 proved the 
lower bound [m log n1. 

Our goal is to present efficient algorithms for mul- 
tipoint approtznzale polynomial evaluation. Further- 
more, in most applications, the computation needs 
to be done up to some limited accuracy of the ma- 
chine, say, 32 or 64 bits, whereas the number of points 
and the degree of the polynomial may grow arbitrar- 
ily large. Thus, we desire an algorithm that achieves 
a fixed accuracy of the output and supports computa- 
tional complexity estimates that grow linearly (with a 
small constant multiple) with m + n, or at  least no- 
ticeably slower than ( m  + n )  log’ n. 

A customary requirement for numerical algorithms 
is numerical stability, and until 1988, the known nu- 
merically stable algorithms for the approximate eval- 
uation of a polynomial 

( [261). 

n 

on a fixed set X ( m )  of m + 1 points, 

X ( m )  = (20, 21,. . . t % a )  , (1.2) 

required the order of mn arithmetic operations (here- 
after referred to as to ops). 

In 1988 major progress in this area was made by 
Rokhlin [37], who proposed the innovative idea of 
approximating the given polynomial only up to the 
amount of accuracy required, and devised an algo- 
rithm that both preserved numerical stability and de- 
creased the computational complexity. Rokhlin’s al- 
gorithm uses O(mu + nu3) (infinite precision) ops in 

order to compute (within the error bound 2 - u p ,  p 5 
Cy=’=o IpiI) the set of the values 

V ( m )  = { P ( Z j )  I j = 0 , 1 ,  ’ ”, m ) ,  (1.3) 

for a positive U and for a set X ( m )  of (1.2) lying on 
a real interval { I ,  0 5 z 5 1). The number of ops is 
linear in m + n if U is a fixed constant. The transi- 
tion to larger linear intervals can be made by means 
of linear transformations of the variable I and/or of 
applying the same algorithm on two or more than two 
adjacent real intervals. The algorithm of [37] is numer- 
ically stable and performs well with a finite precision. 
Although its computational complexity is linear in n 
and m, the multiplicative factor of u3 is large even 
for a relatively small U ,  and this limits both practical 
application and theoritical value of the algorithm. 

In the present paper we substantially modify the 
approach of [37] (see our Remark 3.1)1 making it con- 
ceptually simpler. Technically, we rely on the approx- 
imation to a given polynomial by means of its inter- 
polation on the Chebyshev set of points by a lower 
degree polynomial. As in [37], we estimate the aritli- 
metic running time assuming infinite precision compu- 
tation (with no errors), even though the output values 
are sought within a certain fixed tolerance to the er- 
rors, and we are going to take advantage of such a 
combination of the powers of numerical and symbolic 
techniques. 

Indeed, whereas the algorithm of [6] exactly coin- 
putes the values p ( z j ) ,  for j = 0,1,. . . , nil in  O( (172 + 
n)log’ n )  ops, already our first Algorithm 3.1 of 
section 3 decreases this cost estimate, to O ( ( m  + 
U )  log2 u + n min { U ,  logn}) ops because, inst<ead of 
computing exactly, we approximate p ( z ~ j )  within the 
error bound 2-”p, p 5 Cy==, [ p i / .  The complexity 
bound of [6] (for the exact evaluation) exceeds this our 
bound (for approximation), by more than a constant 
factor, whenever logu = o(1ogn). Our upper bound 
(on the complexity of the approximation) turns out to 
be strictly less than the lower bound of [39] (for the 
exact multipoint evaluation) already for u of the order 
of logn. Our bound is also superior to the cit,ed bound 
of [37] for the approximate evaluation problem. 

Our algorithms allow NC and processor efficient 
parallel implementation. To specify the resulting com- 
plexity estimates, let O ( t ,  p )  denote the bounds O ( t )  
on the arithmetic parallel time and, simultaneously, 
O ( p )  on the number of processors used. [Note that 
according to a variant of Brent’s scheduling principle, 
the bounds O(t ,  p s )  imply the bounds O(ts, p )  for any 
positive integers t ,  p and s; in particular, O ( t , y )  im- 
plies the sequential bound of O(tp) ops.] 
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Now, we may formally state our estimates, sup- 
ported by Algorithm 3.1. Hereafter, log(O)N = 

log* N = max{h : log(') N > 0), for N standing for 
d ,  n, and U. 

Theorem 1.1. Given natural m and n,  positive 
g < 1 and U, m+ 1 points  to,. . . , xm on a real interval 
{ x :  -9 5 z 5 g}, and the coeficients  of a polynomial 
p ( x )  = C~=opiz ' ,  it i s  possible, by using infinite pre- 
cision ari thmetic ,  t o  approzimate the values of p ( ~ )  
at 2 0 , .  , . , x m  within the error bound E* = 2-up, p 5 

lpil, at the cost of T = O( (log2 u)(m + U) + n 
m i n  {u,logn}) ari thmetic  operations or at the par- 
allel cost O ( t , T / t )  where T is  defined above, and 
t = (log2 U) log* U+ m i n  {U, (log n)  log* n}.  

The factors of log* N ,  for N = 
d, n, U, are transfered to  our parallel time estimates 
from the complexity bounds of [3] for polynomial di- 
vision. These factors can be eliminated by using the 
alternate estimates of [3] if we agree to  increase the 
processor bounds so that their products with the time 
bounds grow by the factor of 1 + 2-h log(h) N I  for any 
choice of h such that 1 5 h 5 log* N .  

Algorithm 3.1 first evaluates the coefficients of an 
auxiliary polynomial v ( x )  (of a lower degree) approxi- 
mating p ( z )  on the set X(m) and then evaluates U ( . )  

on X ( m ) .  The first stage, of the evaluation of the co- 
efficients of v ( t ) ,  involves irrational values of Cheby- 
shev's real points, which deprives us of a chance of 
using the advantages of modular (residue) arithmetic. 
(Recall, in particular, that we may implement a ra- 
tional algorithm applying the Chinese remainder the- 
orem and other customary techniques of symbolic and 
algebraic computing [3], so as to  reduce the precision 
of computations, by performing them modulo several 
fixed primes p1 , . . . , ps  .) 

In sections 4-7 we modify the first stage of this al- 
gorithm to ensure its rationality, so as to  perform the 
computations of U(. )  over the field generated by the 
input variables PO,. . . , p , ,  and we may use modular 
arithmetic to  our advantage whenever pol . . , , pn are 
rational. [At the last stage of the evaluation of U ( . )  

on the set X(m), we have a choice between using an 
infinite precision rational algorithm ([22], [3]), at the 
cost O( (log2 d )  log* d ,  m/ log* d ) ,  or a numerically sta- 
ble algorithm ([23]), at the cost O(d,  m).] 

We achieve the rationalization of the algorithm 
with no increase and, surprisingly, with some decrease 
of its estimated computational cost [see the estimates 
(6.1), (6.2), (7.1) and Remark 6.1, for d = O(U)]. 
Moreover, this decrease becomes substantial [so that 
we reach the overall complexity bound O(logu, U),  

NI log(h) N = log210g(h-')N, h = 1 , .  . . , log* N I  

Remark 1.1. 

at  the first stage, and O((log2 u)log* U, ((u/logu) + 
m)/ log' U) for the entire algorithm], provided that we 
allow cost-free precomputation of some functions in n 
and U, which are independent of t o , .  . . , xml PO,.  . . ,p, 
(see Theorem 6.1 in section 6). 

In section 9, we study Trummer's problem. We 
combine numerical and algebraic approaches to  im- 
prove the known solutions to  this problem, which has 
well known applications to  the solution of integral 
equations [36] , to fluid mechanics [13] , and to  numeri- 
cal evaluation of the Riemann zeta-function [25]. Fur- 
thermore, as we have already mentioned, Trummer's 
problem is equivalent to the two-dimensional n-body 
problem of simulation of n charged particles in the 
electrostatic or gravitational potential fields. 

Technically, Trummer's  problem is the problem of 
multiplying a structured matrix S = (si,,) by a vector 
y' where 

- i f i # j ,  
'31 - 0 i f i = j .  

The problem was originally posed by Golub in 
SIGACT News [ l l ] ,  as a challenge to  use the struc- 
ture of the problem to obtain an algorithm with run- 
ning time .(.'). Indeed, Gerasoulis [lo] gave an 
O(n log2 n) time algebraic (and numerically unstable, 
for large n) algorithm that exactly solved Trummer's 
problem, whereas the approximation algorithms of 
Greengard and Rokhlin (known as the multipole al- 
gori thms)  decreased the runnning time bound, first to 
O(np') [36,14] and then to O(np1ogp) [15] where the 
output values were accurate to  p bits. (We also refer 
the reader to [19, 5, 20, 211 for various implementa- 
tions of multipole algorithms.) The factor of plogp, 
however, is still quite large in some applications (for 
instance, n-body simulation typically requires about 
16-bit precision in applications to molecular dynam- 
ics, and often much larger values of p are needed for 
the high accuracy planetary simulations). 

In section 9, we will give an improved approxima- 
tion algorithm that runs in time O(n1og' p ) ,  thus sav- 
ing a factor of O ( p /  logp). In addition, our algorithm 
relaxes some restrictive assumptions required for the 
Greengard-Rokhlin algorithm. 

2 Auxiliary Results for Polynomial 
Evaluation 

For a fixed positive a ,  we identify the set X ( a , d )  
of the d Chebyshev points (nodes) on the real interval 
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{X: -Q 5 X 5 U} as fOllOWS: 

(2.1) 
X ( a , d )  = {t2h+l = QcOS ( V r )  , 

h = 0 , 1 , .  . . ,d  - 1 )  . 
Evaluation of a polynomial of degree k on the 

set X ( Q , ~ )  for any k 2 d and interpolation (for 
k = d )  can be performed by using T* = O(k min 
( d ,  log k} + d log2 d )  ops ( [22])  or in parallel implemen- 
tation, at the cost O(d, k) or, alternatively, O(log2 d+ 
( logk )  log* C, (C/ log* k ) + d )  (see Appendix A or [ Z S ] ) .  

We will extend the latter algorithms to any real set 
X ( m )  of (1.2), based in particular on the following 

Theorem 2.1 ([9], p. 120). For real a and b, a 
natural d ,  and a real function f(z), having the d- 
Ih order bounded derivative f(d)(x) on the interval 
{x: b 5 x 5 a } ,  such that Q 2 6 ,  

for b = -a. In particular, 

M = max Jf(d)(x)l , 
b < z < a  

let a polynomial v(x) = viz' interpolate to f(x> 
on the set of the Chebyshev points of (2.1), that is, let 

u(t2h+l) = f ( t 2 h + l )  I h = 0, 1 , .  . . , d - 1 . (2 .2)  

Denote that 

Then 

E = E ( f ,  Q, b, d )  = max If(.) - s(x)I 
b s z s a  

Since we may shift from f(x)  to f(-z), we will 
hereafter assume that a >_ j b [ ,  so that 

O < a - b < 2 ~ .  (2.3) 

We will apply Theorem 2.1 in the case where a < 1,  
and we will further assume that d / ( l  - a )  is an integer, 
so that 

dr 
- (2.4) 

d d 
r = l / a >  i,r---1= - - - 

1 - a  1 - a  r - I '  

and furthermore, f(z) is the polynomial p ( z )  = 
C ~ = = o p i x i  of (1.1). In this case we will deduce that 

(2 .5)  
where e = 2.71828.. .,e 5 &, due to (2.3), 
(2.4). 

Remark 2.1. Observe that 1 - br 5 2 for JbJ 5 a 
and 1 - br = 2 for b = -a. Denote that p = JpiI 
and deduce from (2.5) that 

E* = ( r / ( d e ) ) l / ' p / ( 2 r  - 

E* = p(2/ (de) )1 /22-d ,  for r = 2 ,  a = -6 = 1/2  , 
E* = p(3/ (de) )1 /24-d ,  for r = 3,  a = -6 = 1/3  , 
E* = 2p(de)c1/26-d,  for T = 4 ,  a = -6 = 1/4 . 

Remark 2.2. Since the error bound E* rapidly 
decreases as a and/or a - b decrease, we may greatly 
decrease the approximation error if we partition the 
original interval {z: b 5 3: 5 a} into two or several 
smaller subintervals and approximate p ( z )  separately 
on each of them. 

To prove (2.5), apply Theorem 2.1, take into ac- 
count (2 .3) ,  and deduce that 

a - b  1 - b r  
- [see (2.4)1, 4 

where - - 
4a 

m ( a , d )  = max ( a  
d < h < n  

Since ah+' (*:I) 5 ah ( f )  for h 2 d if and only if 
( h  + 1)" 5 h - d ,  it follows that 

m(a, d )  = aH (7) = ( l / r H )  H ! / ( d ! ( H  - d ) ! )  

where r = ( l / a )  > 1 [see (2.4)J and 

d dr  
1 - a  r - 1  

H = 1-1 = -. 

Applying Stirling's formula, we obtain that 

We have that 

so that 
1 ( L ) 1 / 2  m ( ~ , d )  < ~ 

( T -  l ) d  de 
Combine this estimate with (2.6) and obtain (2.5). 

3 The Evaluation - Interpolation - 

Evaluation Algorithm 

We will combine the results of section 2 with those 
of [22] (or [28]) and [3] to arrive at  a fast algorithm for 
real multipoint approximate polynomial evalua.tion. 
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Algorithm 3.1. 
Input: a positive rational a < 1, natural m, n and 
d ,  real p o ,  p1 ,  . . . , pn and E O ,  21, . . . , E,,, [compare (1.1) 
and (1.2)], such that (2.4) holds and 

I"j150, j = o , l ,  . . . ,  m .  

Output: real values vo, 211,. . . , v, such that 

1vj - p(tj)) 5 E* , j = 0 , 1 , .  . ., m , 

for p ( z )  of (1.1) and E* of (2.5). 
Computations. 

nodes. Compute 
Stage 1, evaluation on the set  of the Chebyshev 

for 1 1 ,  t 3 , .  . . , t 2 d - 1  of (2.1).  
Stage 2, interpolation. Compute the coefficients of 

the polynomial v ( z )  = ~~~~ vixi such that V ( t 2 h + l )  = 
P(t2h+l) ,  h = 0 , 1 , .  . . , d - 1 [compare ( 2 4 1 .  

Stage 3, multipoint evaluation. Compute and out- 
put the values 

v j  = V ( Z j )  , j = 0 , 1 , .  . ., m 

The correctness of the algorithm immediately fol- 
lows from (2.5). 

At stages 1 and 2 ,  application of the algorithms of 
[22], [28] yields the complexity estimates O(d, n) or, 
alternatively, with the incorporation of a parallel poly- 
nomial division algorithm of [3], yields the estimates 
O(log2 d + (log n) log* n, (n/  log* n) + d ) .  At stage 3, 
we may apply the algorithm of [22], incorporating an 
algorithm of [3], for polynomial division, to  reach the 
cost bound 

O(log2 d log* d ,  (m + d ) /  log* d ) .  

Alternatively, we may apply a slower but numer- 
ically stable algorithm having the cost bounded by 
O(d,m + n + d ) .  The estimates of Theorem 1 .1  fol- 
low since d = O(log(p/E*)), according to ( 2 . 5 )  and 
Remark 2 . 1 ,  and since we may approximate any pos- 
itive g < 1 by a rational a , g  5 a 5 1, and choose 
d = d(a) + CO satisfying (2.4). 

The algorithm of [37] also uses 
Chebyshev points, but only in order to approximate 
each monomial zi as an exponential function in i. This 
leads to a distinct algorithm and distinct complexity 
estimates. 

Remark 3.1. 

4 The Evaluation-Division Algorithm 

Algorithm 3.1 still works if, instead of the coeffi- 
cients PO,. . . ,pn, a black box subroutine for the evalu- 
ation of p ( z )  on the set (1.2) of the Chebyshev nodes is 
available. In particular, the algorithm can be applied 
to the evaluation of the characteristic polynomial of 
a matrix without computing its coefficients. This is 
required, for instance, in some algorithms for matrix 
eigenvalues [4]. 

On the other hand, Algorithm 3.1 has a deficiency: 
generally, the values t 2 h + l  of (2.1) are not rational, 
and we cannot use rational arithmetic a t  stages 1 and 
2. Thus, we should apply numerical computation with 
roundoff errors. To bound the resulting output errors, 
we may apply the known numerically stable algorithm 
for polynomial evaluation [23] and interpolation ([40], 
[la]), increasing the computational cost of stages 1 ,  
2 and 3 to  O(d, n),  O(d, d )  and O(d,  m), respectively. 
The resulting algorithm as a whole will not be numeri- 
cally stable, however. Indeed, usually, the errors intro- 
duced in stage 1 are greatly magnified in stage 2 (of in- 
terpolation) because interpolation is an ill-conditioned 
computational problem (see Appendix B). 

If, however, the coefficients of p ( z )  are available and 
if they are rational, we may avoid the above difficulties 
by modifying Algorithm 3.1 as follows: 

Algorithm 4.1. 
Input, output are as in Algorithm 3.1. 
Computations. 
Stage 1. Evaluate the coefficients of the polyno- 

mial 
d -  1 

L ( z )  = - h t l )  (4.1) 
h=O 

where 12h+l are defined by (2.1). 

mial w ( z )  = p ( z )  mod L ( z )  and set ~ ( x )  = w ( x ) .  
Stage 2. Evaluate the coefficients of the polyno- 

Stage 3, as in Algorithm 4.1. 
Correctness of Algorithm 4.1 follows since, clearly, 

Stage 1 can be performed at  the cost O ( l o g 2 d , d )  
([l] or [3]), stage 2 at the cost O(d,n)  or, alterna- 
tively, O((log n)log*n, n/ log* n)  ([3]). This only leads 
to improving the cost bounds of stages 1 and 2 of 
Algorithm 3.1 by a constant factor, but we will next 
show how to make the computations at  stages 1 and 
2 of Algorithm 4.1 rational and also how to  decrease 
their complexity further, by exploiting the following 
expressions (already used in [28]): 

p ( t 2 h + l )  = W ( t 2 h t l )  for all h.  



where W2d = exp(s&i/d) is a primitive (2d)-th root 
of 1 .  

5 Rationalization of Stage 1 of Algo- 
rithm 4.1 

Let us set 

t h = (utg + ) , h = 0 , 1 , . . . , 2g  - 1, 

so that 

d- 1 

L ( z )  = n ( z  - t2h+l) = L;d(x)/Li(z) 
h=O 

where L; ( z )  = n”,k(z - t h ) ,  for g = d, g = 2d. 
We will now compute the coefficients of Li(x), for 

g = d ,  g = 2d, and then will divide Lad(.) by L; ( z ) ,  
to obtain L ( z ) .  

To evaluate the coefficients of the polynomial 
L;(z), for g = d, g = 2d, we will first observe the 
following simple expressions for the power sums of its 
zeros: 

Cg-1 h=O t k  /, = ~ ~ ~ ~ ( ( a / 2 ) k ( w ~  + b J i i ) ’  

0 for odd k , 
- { g(k”;)(+)k , for even I C ,  
- 

and then will apply the rational algorithm of [38] 
(see also [30], appendix) to make the transition 
from the power sums to  the coefficients, a t  the cost 
O(log2 d ,  d/ logd), which dominates the cost of the 
subsequent division of Lad(.) by L : ( x ) .  

The latter algorithm] as well as any algorithm for 
the transition from the power sums to the coefficients, 
requires division by 2,3,  . . . , 2d, which cannot be per- 
formed in some fields. To compute L ( x )  over any field 
(containing u/2), we may multiply together, modulo 
w,dd+l, all the d h e a r  factors 2 - t 2 h + l  of ( 4 4 ,  substi- 
tuting the expressions (4.2) for t 2 h + l  and treating W 2 d  

as the second variable. The cost of this computation 
increases to O(log2 d, d 2 ) .  

Remark 5.1. Another direction (which we leave 
as a chalenge to the reader) is to apply Newton’s iden- 
tities in order t o  extend the above explicit expressions 
for the power sums to  the similar expressions for the 
coefficients of I,; (2). 

Remark 5.2. All our computations are ul- 
timately reduced to polynomial multiplication for 
which, throughout this paper, we assume the cost 
bound O(logD, D ) ,  where D bounds the degree of 
the output polynomial. In fact, this bound turns into 

O(logD, DloglogD) for the computation over any 
field of constants (see [3]), and all our estima.tes should 
be corrected respectively (we leave this slight correc- 
tion to  the reader). 

6 Computation of the Coefficients of 
the Reciprocal and Stage 2 of Algo- 
rithm 4.1 

In this section we will assume L ( x )  available, and 
our next task will be the computation of the d trail- 
ing coefficients of the reciprocal polynomial R ( z )  = 
( l / L ( z ) )  mod ; c” -~+’ ;  when this is done, the desired 
coefficients of U(.) can be obtained as the d trailing 
coefficients of the polynomialp(z) - R ( z ) L ( z ) ,  at  the 
additional cost O(log d ,  d )  of a single multiplication 
and a single subtraction of degree d polynomials. We 
first observe that the polynomials L ( z )  and R ( z )  do 
not depend on the set X(7n) of (1.2) and on the co- 
efficients of the polynomial p ( z )  of ( 1 . 1 )  and thus, in 
principle, can be preprocessed. 

If precomputation of the values 
depending only on degree n and the precision value 
U and independent of the input set X - ( n z )  of the 
nodes of (1.2) and of the coeficienls of the po lyno-  
mial p(x) of (1.1) is allowed cost-free, then the com- 
plexity estim.ates of Theorem 1.1 can be decreased l o  
O(u, m + logu) (using numerically stable implemen- 
tation of stage 3 of Algorithms 3.1 aiid 4.1) or to 
O((Iog2 U )  log* U ,  ((U/ logu) + m)/ log* U) (using infi- 
nile precision arithmetic). 

Without cost-free preprocessing, we may rationally 
compute the coefficients of R ( z )  (by using the known 
algorithms for polynomial reciprocal) at  the cost 
O(d, n )  or, alternatively, O((log n )  log’ n, 1 7 /  log* 1 % )  

[3]. The overall cost of performing Algorith~n 4.1 over 
the fields of constants allowing divisions by 2 , 3 ,  . . . 2d 
is thus bounded by 

Theorem 6.1. 

O(t’,p’), 2’ = (log n )  log8 n + (log? d)  log” d , 
p’t’ = mlog2 d + n min(d, log7i), 

(6.1) 
whereas over any field we reach the cost, hounds 

O(t’, p”)  ; p”t’ = (m + d’) log’ U! + i z  log 71. (6.2) 

In all these cases, with and without preprocessing, 
the evaluation of t,he coefficients of v ( z )  is by a rational 
algorithm. 

Remark 6.1. Besides the reduction of the preci- 
sion of the computations in the latter case, the cost 
of the evaluation of p ( z )  mod L ( z )  can he reduced to 

708 



O ( n )  ops over the field of integers modulo pi, for each 
i ,  provided that d = O(logn) [18]. 
Remark 6.2. Numerical division of p ( z )  by L ( z )  

(with an arbitrarily high output precision) can be per- 
formed at the cost O(logn, T I )  (see [3], [33]). 

7 Solution via Reduction modulo zd+ 1 

In this section, we will develop some ideas of [28] 
in order to compute the coefficients of U(.) at  the cost 
O(n, d )  over any field of constants. This alternative to 
performing both stages 1 and 2 of Algorithms 3.1 and 
4.1 leads to the alternate overall cost bound of 

O ( n ,  d + (m/n)  log2 d )  . (7.1) 

For simplicity, assume (with no loss of generality) 
that d divides n and that the variable z has been scaled 
so that a = 1. Substitute z = ( z  + 2-')/2 into (1.1) 
and obtain that 

P( (2 + z-')/2) = Q(z) + Q ( W )  

for some unknown polynomial Q ( z )  = E;='=, Qiz'. It 
remains to  compute the coefficients of the polynomial 
w(z) (of degree at  most d - 1) such that 

w( (2+2-')/2) = p (  (z+z-') /2)  mod ( z d + l )  (7.2) 

and to set v ( z )  = w(z) .  Indeed, due to (7.2), we have 
that w(z) = p ( z )  on the set X(1, d )  of (2.1), because 
z = ( z + z - ' ) / 2  for = w$+', h = O , l , . . . , d -  1, 
defines precisely the set (2.1). 

To compute the coefficients of ~ ( z ) :  
a) first represent p ( ( z  + z-')/2) mod (zd + 1) as 

q(z)  + q(l /z)  where q ( z )  is a polynomial of degree at  
most d -  1 and 

b) then rewrite q ( z )  + q(l /z)  as W((Z + z-')/2). 
To perform stage a),  recursively represent ( z  + 

2-l)' mod (zd + 1) (for i = 1 ,2 ,  ..., n )  as q i ( z )  + 
q j (  l / z )  where qi(z) are polynomials of degrees a t  most 
d - 1. Specifically, suppose that we know the coeffi- 
cients of the polynomial qi(Z) = C;fitqi ,hzh.  [we 
surely know q O ( 2 )  and q1(z).] Then let 

qi+l,h = qi ,h- l  + qi,h+l , for 0 < h < d -  1 , 
and thus define pj+1(2). Knowing q i ( t )  for all i, we 
then immediately compute the coefficients of the poly- 
nomial q ( z )  = C;==02-ipiqi(~) = C:='=,qiz'. The 
overall cost of this stage is O(n ,  d). 

Remark 7.1. The reader may try to deduce some 
explicit expressions for qi,h and for all i and h in order 
to decrease the parallel time of performing stage a). 

To perform stage b), proceed recursively, for h = 
d - 1, d - 2 , .  . . ,o .  For every h ,  compute Wh,h and 
then vh = 2hWh,h where Wh,h  is the leading coefficient 
of the polynomial q ( t )  of degree at  most h such that 

4 . t )  + w(l / z )  = P ( Z )  + q(l /z)  
d- 1 - Ch=k+l(qh(z) + !?h(z-l) )vh ' 

8 Discussion 

It would be interesting and desirable to improve 
our results on the evaluation of the coefficients of L ( z )  
(section 5),  R(z )  and v ( z )  (section 6) and ~ ( t )  (sec- 
tion 7),  (compare, in particular, Remarks 5.1 and 7.1).  

Our algorithms can be applied recursively, to sim- 
plify the multipoint evaluation of v(z)  a t  stage 3 of 
Algorithms 3.1 and 4.1 if p = E:='=, Ip;I substantially 
exceeds v = ~;f;: IVhl. 

A major challenge is an extension of our results 
to  interpolation. As a heuristic approach, we suggest 
replacing the input set X ( n )  of n + 1 nodes of in- 
terpolation (6.2) by the set X ( a , d )  of d Chebyshev 
nodes (2.1). The input values of p ( z )  at z = ti, 
i = 0 , 1 , .  . ., m, are then used in order to  approxi- 
mate the values p(12,,+1), for h = 0 , 1 ,  . . . , d - 1. Then 
interpolation to p(z) is replaced by the simpler inter- 
polation to a polynomial of degree at  most d - 1 that 
approximatesp(t) a t  t = t2h+l, for h = 0 , 1 ,  . . . , d- 1 .  
The approach is promising if the points of X ( m )  
closely approximate all the nodes t?h+l of X ( u , d ) .  
Some difficulties with this heuristic may stem from 
the fact of ill-conditioning of the int,erpolat,ion proh- 
lem (see Appendix B). 

Of course, it is interesting to consider approximate 
interpolation and multipoint evaluation with the com- 
plex input nodes, although this case is much harder to 
treat than the real case (compare [34]). 

9 Fast Approximation Algorithm for 
Trummer's Problem 

In this section we present our improved solution of 
Trummer's problem. 

9.1 Quad-Tree Construction 

All efficient. algorithms for the n-body problem use 
some form of hierarchical space decomposition. The 
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algorithms of [2] and [8] use variants of quad-trees with 
O(n) nodes and with particles associated with the leaf 
nodes. (Quad-trees are also applied, in Weyl’s con- 
struction, for approximating polynomial zeros [27] .) 
We create a non-trivial modification of these trees, in 
which particles may be associated with internal nodes, 
as well as the leaf nodes. In addition, particles are 
“clustered” at nodes in sets of size s, which is a pa- 
rameter of our decomposition algorithm. In doing so 
we guarantee that the number of nodes in our decom- 
position tree T is small [35]. 

Lemma 9.1. The number of nodes in T i s  O ( s ) .  
Moreover, building the tree T from the O(n )  node trees 
of[2, 81 can be done optimally, in  sequential time O(n)  
or b y  using O(&) processors and O(1ogs) time on a 
P R A M .  

9.2 A Fast Algorithm 

Fast approximation algorithms for Trummer’s 
problem operate by computing power series approx- 
imations to the desired potential function. In two 
dimensions this is particularly easy - since the po- 
tential function is a harmonic function, there is an 
analytic function in one complex variable that com- 
pletely describes the potential function over the plane. 
It is this analytic function that we approximate with a 
power series. The two types of power series expansions 
required are a standard Taylor series (for represent- 
ing the potential within a local disk, due to particles 
outside the disk) and a Taylor series in l / z ,  which 
is known as the multipole expansion (for representing 
the potential outside a disk, due to particles within 
the disk). 

The five major components of such an approxima- 
tion algorithm are 

0 Creating the initial multipole expansions 

0 Translating multipole expansions 

0 Converting multipole expansions to Taylor series 
expansions 

0 Translating Taylor series expansions 

0 Evaluating local forces 

As proved by Greengard and Rokhlin [14], to per- 
form computations with p bits of accuracy, only O(p)  
terms of the power series expansions need to be kept. 
It is fairly clear from the form of the equations that 
translation of multipole expansions and Taylor series, 

as well as the conversion between these two expan- 
sions, can be done quickly via a reduction to convo- 
lution requiring O ( p  logp) time for each power series 
operation. 

Let us next create the initial multipole expansions. 
For s particles at  locations r1 , r2, .  . . , rs with charges 
~ 1 ~ ~ 2 ,  . . . , p s ,  the multipole expansion about the origin 
can be written (see, for example, [14]) as 

P 

A(r) = Q l n r  + 2, 
k = l  

where 

i= l  i = l  

We now consider computing only the a k  coefficients, 
as Q can be computed in additional O(s) time. 

We just need to compute the row vector 
( -a l , -2a2, . . . , -kak , . . . , - pap ) ,  and then O ( p )  di- 
visions will produce exactly the multipole coefficients. 
Since - k U k  = E;=, q i $ ,  it will remain to multiply 
the row vector ( q 1 , q 2 ,  . . . , q s )  by the s x p matrix 
Z = (%;,k = $ , i  = 1 , 2 ) . . . , s ; i  = 1 , 2 , . . . , p ) .  We 
choose s = p ,  so that Z is a p x p Vandernionde ma- 
trix. Due to its special structure, we can premultiply 
it by a vector in time O(plog2p) [7,20], so that cal- 
culating all the coefficients of the multipole expansion 
can be done in time O(plog2p + p ) .  

Finally, we need to consider t,he complexity of the 
last step of the multipole algorithm, which is the stage 
of calculating the local forces. This step involves two 
types of operations: (1) comput,ing t,he force on every 
particle within a region of the space decomposition 
due to particles in another region, and (2)  computing 
the force on every part.icle in a region due to t,lie otjlier 
particles in the same region. Clearly, each of these 
problem is just a smaller version of the original prob- 
lem, which we solve by using Gerasoulis’ a.lgebraic al- 
gorithm [lo] in time O(s  log2s). It is shown in the full 
paper [35] that the total number of local calculations 
that need to be done is proportional to the size of the 
decomposition tree, which is O ( n / s )  by Lemma 9.1, 
and which results in the overall O(n  log2 s) time for 
al l  local force calculations. We now arrive at. t,he main 
result of this section. 

Theorem 9.1. Gzaen the decomposztion tree of 
[2,8], having O(n )  nmdes, associated with the n - b o d y  
problem in two dimen,sions, we can approxiinale (io p 
bids) the values of the forces acting on  al l  the 11 yarla- 
cles in total ~ ( n  log2 p )  time. 

Proof: Each major operation in the multipole al- 
gorithm can be charged to a part,icular node in the 
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tree, and no node will ever be charged by more than a 
constant number of these operations. In other words, 
there are a t  most O(n/s) evaluations, translations, 
and conversions (see [35] for the details). We es- 
timated the complexity of each of these operations 
above: putting all of these complexity estimates to- 
gether, we can see that the entire algorithm takes time 

Observe that an error E in the value of p ( z k )  causes 
the output perturbation 6 tk(x)/tk(ck). This per- 
turbation is large if l & ( ~ k ) l  is small, which is fre- 
quently the case. For instance, if Xk = --a + 2ak/m, 
k = 0 ,1 , .  . . , m, then 

t , ( ~ , )  = max(t1:(t)l = (2-a/m),m! , 
k 

0 (; (plogp+slog’p+slog’s)) ,  

which for s = p ,  turns into O(nlog’p). 
[35] also contains a substantial improvement of 

the previous multipole algorithms for the three- 
dimensional n-body problem (which is the most cus- 
tomary means of particle simulation), but in this case 
the resulting time bound is still far larger than the 
known lower bound. 

Appendix A. Special Techniques for 
Chebyshev’s Nodes. 

To simplify the evaluation of a polynomial pn(z) 
of (1.1) on the set X(1,d) of Chebyshev’s nodes and 
the interpolation by p ( z )  on the set X ( l ,  d )  (provided 
in the latter case that n = d - l), represent p ( z )  as 
p o ( z 2 )  + ~ p i ( 1 ’ )  = qo(y) + zqi(y) where y = 1 - 2x2. 
The substitution of y = 1-22’ for I maps the Cheby- 
shev set X(1, d )  of (1.2) into the half-size Chebyshev 
set X(l1d/2) .  We may assume for simplicity that d 
and n are integer powers of 2 and recursively apply the 
above relations to obtain the divide-and-conquer algo- 
rithms for both evaluation and interpolation (see more 
details in [28]). The resulting algorithms slightly im- 
porve the parallel complexity estimates based on the 
algorithm of [22], incorporating the polynomial divi- 
sion algorithm of [3] (compare the beginning of sec- 
tion 2). 

Appendix B. Error Magnification in the 
Interpolation. 

Fix a set X( m) of (1.2), denote 

m 

so that 

If m = d - 1 and if X(m)  = X(a,d) is the Cheby- 
shev set (2.1), then the magnificaion of the errors at 
zd-1 = -a (and similarly at to = -a) is greater than 
(B. l )  indicates, since the nodes tzh+l are accumulated 
near 2d-1 = -a and zo = --a, so that the distances from 
t k  to  a are of the order of (2ak/d)’ if d - IC = o(d) 
(and similarly for Xk near --a). 
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